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SUMMARY

An algorithm to provide constant-input stabilizing control inputs for multi-input continuous-time
bilinear systems is proposed in this paper. The algorithm is based on the formal discrete-time
approximation of the system and the unconstrained nonlinear minimization. The key features of the
new algorithm are as follows. First, the formal discrete-time approximation makes the set of stabilizing
control inputs star-shaped centered at the origin, hence the minimization is to be performed only in a
neighborhood of the origin selected by the designer. Second, the algorithm is always capable of finding
a solution if one exists, as long as the minimization inside the neighborhood is successful. Third, by
a slight modification, the algorithm permits us to place all the eigenvalues of the system inside a
rectangular region in the complex plane, as long as it is feasible. The algorithm is also applicable
to the static output feedback stabilization problem of linear time-invariant systems. Copyright c©
192006 John Wiley & Sons, Ltd.
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1. Introduction

Bilinear systems are one of the simplest “next-to-linear” nonlinear systems. They arise either
from Taylor series expansions of more general nonlinear systems or from linear systems whose
parameters are considered as control inputs, hence they are widely found in many applications.
Due to their theoretical and practical importance, they have been extensively studied for
several decades [2, 22].

If one considers some parameters of an autonomous linear system as control inputs, then a
“homogenous” bilinear system

ẋ = Ax +
q∑

k=1

ukAkx (1)

is obtained. (Here, x ∈ Rn, uk ∈ R (k ∈ {1, . . . , q}) and A and Ak have the corresponding
dimensions). Such systems arise, for example, in variable resistor/capacitor/inductor electronic
circuits and variable damper/spring mechanical systems [16], and therefore, are also important.



STABILIZATION OF BILINEAR SYSTEMS 1

Homogeneous bilinear systems (1) have the special feature that there may exist “constant”
stabilizing control inputs. Although stabilizing controllers for (both homogeneous and non-
homogeneous) bilinear systems have been extensively studied in the literature, they are
chiefly quadratic or discontinuous functions of the state [7, 13, 14, 18, 25], and the problem
of constructing constant stabilizing control inputs is not well studied in the context of
bilinear systems theory, except for low-dimensional cases [1, 5, 8]. On the other hand,
in the context of linear systems theory, the static output feedback stabilization problem
or the decentralized/structured feedback stabilization problem, which is equivalent to the
constant input stabilization problem of bilinear systems, has been extensively studied (see
[3, 4, 10–12,15,17,19,20,26–29] and the references therein).

Among the constructive algorithms within these frameworks, the most numerically efficient
ones are those based on Lyapunov/Riccati/LMI/BMI-type methods [3, 11, 12, 26, 28, 29].
However, they are based on sufficient conditions and may not find a solution even when one
exists, and are sometimes susceptible to the initial conditions. Moreover, no method of this
type that controls the locations of the eigenvalues/poles is known. Therefore, there is still a
need for a new algorithm.

The objective of this paper is to develop a new algorithm for solving the above mentioned
problem, fulfilling the following requirements. First, there should be no difficulty in the choice
of the initial conditions. Second, the algorithm should be capable of finding a solution (at least
ideally) if one exists. Third, the non-existence of a solution should be determined. Finally, the
locations of the eigenvalues should be controlled, at least approximately.

We construct an algorithm by making a formal discrete-time approximation of the system
and consider the formal sampling period to be a new control input. By doing this, the
original problem is converted into an unconstrained nonlinear minimization problem within
a neighborhood of the origin, and the above requirements are fulfilled as long as the
unconstrained nonlinear minimization is successful.

This paper is arranged as follows. In Section 2, the algorithm is derived and some numerical
aspects are discussed. Section 3 deals with the determination of the instabilizability. The
approximate placement of eigenvalues is dealt with in Section 4. In Section 5, the static output
feedback stabilization problem is discussed.

2. Stabilization by formal discrete-time approximation

We begin with a lemma on the relation between the stability of a continuous-time autonomous
linear system

ẋ = Ax (2)

and its discrete-time approximation

x(t + 1)− x(t)
µ0

= Ax(t), (3)

where µ0 > 0.

Lemma 1. i) If (2) is stable, then ∃µm > 0, ∀µ0 : 0 < µ0 < µm, (3) is stable.
ii) If (3) is stable for some positive µ0, then (2) is stable.
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Proof. Omitted. ¤
By Lemma 1, for (1) to be stable, it is necessary and sufficient that the system

x(t + 1)− x(t)
µ0

= Ax(t) +
q∑

k=1

ukAkx(t) (4)

is stable for some positive µ0.
For simplicity of notations, let µk = µ0uk, k ∈ {1, . . . , q}, and define

µ = (µ0, µ1, . . . , µq), F (µ) = I + µ0A +
q∑

k=1

µkAk. (5)

Then, by multiplying both sides of (4) by µ0, we obtain

x(t + 1) = F (µ)x(t). (6)

In order for (1) to be stable, it is necessary and sufficient that (6) is stable for some µ with
µ0 > 0. Hence, our problem is reduced to that of constructing a stabilizer for (6).

One may wonder if there is any advantage in considering the stabilization problem of (6)
instead of that of (1). The following lemma asserts that there are at least two advantages.

Lemma 2. The set
S = {µ : F (µ) is stable} ∪ {0} (7)

is star-shaped, with a center at µ = 0 (but µ = 0 itself does not stabilize (5)).

Proof. The lemma is obvious for S = {0}, hence we assume that S\{0} 6= ∅ and choose a
µ ∈ S\{0}. Let U be the unitary matrix triangularizing F (µ). Then

UF (µ)U∗ =




1 + λ1 ∗
. . .

0 1 + λn


 .

Since F (µ) is stable, |1 + λk| < 1, k ∈ {1, . . . , n}.
For any ρ : 0 < ρ ≤ 1, F (ρµ) is triangularized by the same unitary matrix U , and the

diagonal elements of UF (ρµ)U∗ are 1 + ρλk, k ∈ {1, . . . , n}.
For each k, let γ(ρ, k) = |1 + ρλk|2. Then γ(ρ, k) is convex downward as a function of ρ,

with γ(0, k) = 1 and γ(1, k) < 1, hence ∀ρ ∈ (0, 1], γ(ρ, k) < 1. Therefore, F (ρµ) is stable.
Hence all non-zero µ on the half-line joining the origin and µ stabilize (5). ¤

Lemma 2 asserts that, if (1) is stabilizable, then a stabilizer for (5) may be found in any
neighborhood of the origin. In other words, a local search for a stabilizer for (5) inside an
arbitrarily selected neighborhood of the origin is sufficient in constructing a stabilizer for (1).
Moreover, since the origin is a center of the set of stabilizers, a line search starting from µ = 0
or µ ' 0 effectively finds a stabilizer.

In what follows, the symbol ‖·‖ denotes a matrix norm.
Now, we state our main results.

Theorem 1. System (1) is stabilizable by constant inputs if and only if for some L ∈ N and
µ with µ0 > 0, ∥∥FL(µ)

∥∥ < 1.
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Proof. If
∥∥FL(µ)

∥∥ < 1 for some L ∈ N and µ with µ0 > 0, then F k(µ) → 0 as k →∞, hence
(4) is stable. Since µ0 > 0, by letting uk = µk/µ0 and using Lemma 1, (1) is stable.

Conversely, if (1) is stable for some set of constant inputs u1, . . . , um, then by Lemma 1, (4)
is stable for some µ0 > 0. Thus, by letting µk = ukµ0, k = 1, . . . , q, F k(µ) → 0 as k → ∞,
hence ‖FL(·)‖ < 1 for some L ∈ N. ¤

Next, we derive an algorithm to construct a stabilizer for (4), based on Theorem 1.
If L in Theorem 1 is known a priori, then the stabilization problem is reduced to finding a

value of µ with µ0 > 0 satisfying
∥∥FL(µ)

∥∥ < 1. However, such L is generally unknown; hence,
alternatively, we begin with L = 1 and increment L until a stabilizer is found.

Algorithm 1.

Step 1 Let L = 1, choose a neighborhood of the origin N in the parameter space and proceed
to Step 2.

Step 2 Solve the minimization problem

µL = arg min µ

∥∥FL(µ)
∥∥ , µ0 > 0, (8)

inside N and proceed to Step 3.

Step 3 Verify whether µL is acceptable or not by the following routine:
if F (µL)is stable then

stop (a stabilizer has been obtained);
else

let L = L + 1 and return to Step 2;

Remark 1. In Algorithm 1, it is not necessary to use consecutive values of Ls. For example,
L = 1, 2, 4, 8, .... is permissible.

Theoretically, Algorithm 1 terminates in finite steps if (5) is stabilizable, provided that the
minimum inside N is successfully found. For, let µ be a stabilizer for (5), with

∥∥FL(µ)
∥∥ < 1

for some L. Then, the minimizer µL at the L-th iteration satisfies
∥∥FL(µL)

∥∥ ≤ ∥∥FL(µ)
∥∥ < 1,

hence µL also stabilizes (5). Practically, the minimization of (8) tends to be trapped into local
minima; however, this itself is not always problematic, as long as F (µL) is stable. Lemma
2 assures that the origin is a center of the star-shaped set of stabilizers and the “basin”
corresponding to a stabilizer of (5) gets deeper as L gets larger; therefore, initializing Step 2
of Algorithm 1 from µ ' 0 usually provides a sufficiently good local minimum.

The problem (8) is a constrained minimization problem, but it is readily converted into an
unconstrained minimization problem, for example, by replacing µ0 with |µ0|.

There is a considerable degree of freedom in the selection of the numerical minimization
algorithm, but differentiation-based algorithms are preferable, because the calculation of the
Jacobian and the Hessian of

∥∥FL(µ)
∥∥ becomes tedious as L increases. There are many

algorithms that do not necessitate differentiation [9,21,23,24]. Among them, a good choice is
Powell’s classical conjugate direction method [23], because its line-search nature is suitable for
scanning within the star-shaped set of our problem.
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3. Determination of instabilizability

Algorithm 1 does not terminate when (5) is not stabilizable, but a slight modification to it
enables us to determine the instabilizability, at least theoretically.

If (5) is stable for some µ, then ∃σ∗ > 0, ∀σ : 0 ≤ σ < σ∗,

G(µ) = (1 + σ)I + µ0A0 +
q∑

k=1

µkAk (9)

is stable, hence (9) is stabilizable.
The parameter σ in (9) may be interpreted as a “stability margin”, but it may also be used

as a tag for determining the instabilizability.
By replacing (5) with (9) in Algorithm 1, one may construct an algorithm that permits

the determination of the instabilizability, at the risk of overlooking stabilizable systems with
stability margins less than σ. If (5) is stabilizable with a stability margin greater than σ, then
(9) is stabilizable, and from a stabilizer µGL of (9), a stabilizer for (5) is recovered by letting
µL = µGL/(1 + σ); however, if (5) is not stabilizable, then

∥∥GL(µL)
∥∥ diverges as L increases.

Note that this determination of the instabilizability is susceptible to local minima.

4. Approximate eigenvalue placement

The method of detecting the instabilizability in Section 3 is essentially a method of specifying
the stability margin of the controlled system. A similar method may be used to specify a
rectangular region in which all the eigenvalues of (1) are located.

Consider the equations

ẋ = Ax + σ1Ix +
q∑

k=1

ukAkx, (10)

ẋ = −Ax− σ2Ix−
q∑

k=1

ukAkx, (11)

ẋ = −iAx− σ3Ix− i

q∑

k=1

ukAkx., (12)

with σ2 > σ1 ≥ 0 and σ3 > 0. By simultaneously stabilizing (10), (11) and (12), all the
eigenvalues of (1) are placed inside the rectangular region in the complex plane {λ ∈ C :
−σ2 < Re λ ≤ −σ1,−σ3 < Im λ < σ3}, A stabilizer is constructed through minimizing

w1

∥∥FL
1 (λ)

∥∥ + w2

∥∥FL
2 (λ)

∥∥ + w3

∥∥FL
3 (λ)

∥∥ , (13)

where F1(µ) = I + µ0(A + σ1I) +
∑q

k=1 µkAk, F2(µ) = I + µ0(−A − σ2I) − ∑q
k=1 µkAk,

F3(µ) = I +µ0(−iA−σ3I)− i
∑q

k=1 µkAk and w1, w2, w3 ≥ 0. Letting wi = 0 means removing
the corresponding constraint, but the term corresponding to F1(µ) may not be omitted in
order to obtain stabilizing control inputs.

Note that, since the structures of the extrema of the combined cost functions (13) are
considerably more complex than that of the original cost function used in (8), the construction
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of an approximate eigenvalue placement controller using Algorithm 1 is more susceptible to
local minima. Moreover, the suppression of oscillatory eigenvalues may make the convergence
slow, because a small σ3 implies that (12) is almost neutrally stable.

One may specify more complicated polyhedra for the region of the eigenvalue placement by
combining suitable translations and rotations, as long as it is symmetric with respect to the
real axis. However, using complicated polyhedra can make the convergence even slower.

Example 1. Consider the following 2-dimensional single-input bilinear system

ẋ = Ax + Bu, y = Cx, (14)

where

A =
(

0 1
0 0

)
, B =

(
1 0
1 0

)
.

The locus of the eigenvalues of A + uB, with u as a parameter, is depicted in Fig. 1.

-3 -1 1
Re

-0.5

0.5

Im

u=-3 u=-1

u=-3 u=-1

u=-4.5 u=0.5

u=-4.5 u=0.5

Figure 1. Locus of eigenvalues for planar system (14).

In the following, in order to control the locations of the eigenvalues of (14), we use Algorithm
1 together with Powell’s conjugate direction method [23] for the cost function (13).

First, we attempt to place all the eigenvalues inside the rectangular region {λ ∈ C : −3 <
Re λi < −1,−0.5 < Imλi < 0.5} by letting σ1 = 1, σ2 = 3, σ3 = 0.5 and w1 = w2 = w3 = 1. By
using Algorithm 1, a stabilizer u = −4.2699278 with λ1 = −2.6717535 and λ2 = −1.5981743
was obtained after 52 iterations (L = 52).

Simply stabilizing (14) by letting σ1 = 0, and w2 = w3 = 0 produced a similar stabilizer
u = −4.6108183, with λ1 = −3.1445116 and λ2 = −1.46630664. However, the convergence was
much faster – the stabilizer was obtained at the first iterate.

As an example of improving the stability, we let σ1 = 1.7, and w2 = w3 = 0. This is a
demanding situation, because Fig. 1 shows that the most stable eigenvalues of (14) are −2
(multiple eigenvalue). By using Algorithm 1, a stabilizer u = −3.8572654 was obtained after
28 iterations (L = 28). The eigenvalues were placed at −1.9286327 ± 0.3710004i, which is
slightly oscillatory.

For an example of extreme oscillation suppression, we let σ1 = 0, σ3 = 0.2, w1 = w3 = 1,
and w2 = 0. By using Algorithm 1, a stabilizer u = −538.09392 was obtained after 9 iterations
(L = 9). The eigenvalues were placed at −537.09205, −1.0018654.
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5. Applications to the static output feedback stabilization problem

Consider linear time-invariant systems of the form

ẋ = Ax + Bxu (15)

where x ∈ Rn, u ∈ Rm, y ∈ Rp and A, B, and C are real matrices of corresponding dimensions.
The problem is to construct a static output feedback

u = Fy (16)

that stabilizes (15).
Let Eij be matrix units (i ∈ {1, . . . , m}, j ∈ {1, . . . , p}), and expand the feedback gain

matrix F as

F =
m∑

i=1

p∑

j=1

fijEij . (17)

By substituting (17) into (15), we obtain

ẋ = Ax + fij

m∑

i=1

p∑

j=1

BEijCx, (18)

which is a bilinear system if one regards fij as control inputs. The problem of constructing
constant feedback gains fij for (18) is the same as constructing constant stabilizing control
inputs for (1); therefore, Algorithm 1 is directly applicable.

Example 2. In this example, we compare the performance of Algorithm 1 (again, together
with Powell’s conjugate direction method) with Yu’s algorithm [28].

The systems to be stabilized are static-output-feedback stabilizable, and are generated
randomly in the following fashion:

• Generate an upper-triangular square matrix ∆ whose non-zero entries are uniformly distributed
in [−δ, 0];

• Generate a non-singular matrix V whose entries are uniformly distributed in [−1, 1];
• Let A0 = V −1∆V − δI, where the term −δI amounts to the stability margin;
• Randomly generate the input matrix B, the output matrix C and the “desired ” static output

feedback gain F , whose elements are uniformly distributed in [−1, 1];
• Make A stabilizable by static output feedback but possibly unstable by letting A = A0+BFC.

Table I lists the results of stabilizing 100 two-input two-output systems with n = 4, 8, 12,
respectively, with the parameter δ fixed to 0.2. In this example, we used L = 1, 2, 4, 8, ... instead
of L = 1, 2, 3, 4, ... in Algorithm 1. Some of the randomly generated systems are stable without
any control; thus, the number of the systems that do not require stabilization is provided at
the right-most column of the table.

For n = 4, Yu’s algorithm was approximately 17 times faster than the proposed algorithm,
but missed 5 stabilizable systems. For n = 8, Yu’s algorithm was 5 times faster, but missed
6 stabilizable systems. For n = 12, Yu’s algorithm was 1.6 times faster, but again missed 6
stabilizable systems. Generally, Algorithm 1 is not fast enough, but the risk of missing solutions
is considerably low.
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Table I. Comparison between the proposed algorithm and Yu’s algorithm

Proposed Yu [28]
Average
CPU time Failures Average

CPU time Failures Number of stable
systems

n = 4 0.121563 0 0.007155 5 43
n = 8 0.389062 0 0.081699 6 31
n = 12 0.338984 0 0.206117 6 25

6. Conclusion

In this paper, a new algorithm for constructing constant-input stabilizing control inputs for
multiple-input homogeneous bilinear systems was proposed. The method was subsequently
extended to permit the approximate placement of eigenvalues, and was applied to the static
output feedback problem. The effectiveness of the algorithm was verified through numerical
examples.
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